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SOME RESULTS ON SINGULAR VALUE INEQUALITIES OF
NORMAL OPERATORS
ALI TAGHAVI* AND VAHID DARVISH
Abstract. Let x = a+ ib be a complex number, so we have the following
inequality
(1/
√
2)|a + b| ≤ |x| ≤ |a|+ |b|
We give an operator version of above inequality. Also we obtain some
results for normal operators.
1. Introduction
Let B(H) denote the space of all bounded linear operators on a complex
separable Hilbert space H, and let K(H) denote the two-sided ideal of compact
operators in B(H). We denote the singular values of an operator A ∈ K(H) as
s1(A) ≥ s2(A) ≥ . . . are the eigenvalues of the positive operator |A| = (A∗A)1/2,
and repeated accordingly to multiplicity. The direct sum A ⊕ B denotes the
block diagonal matrix
[
A 0
0 B
]
defined on H ⊕H , see [1, 11].
For every self-adjoint operator A, we can write A = A+ −A− where A+ and
A− are positive operators. This is called the Jordan decomposition of A (see
[2]).
Bhatia and Kittaneh have proved in [4] that if A and B are two n×n positive
semidefinite matrices, then
sj(A+B) ≤
√
2sj(A+ iB), 1 ≤ j ≤ n. (1.1)
Also they have shown, there exist a positive semidefinite matrix A and Hermitian
B for which (1.1) is not true.
On the other hand, Tao has proved in [9] that if A,B,C ∈ K(H) such that[
A B
B∗ C
]
≥ 0, then
2sj(B) ≤ sj
[
A B
B∗ C
]
(1.2)
for j = 1, 2, . . .
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Audeh and Kittaneh have proved in [1], for every A,B,C ∈ K(H) such that[
A B
B∗ C
]
≥ 0, then
sj(B) ≤ sj(A⊕ C) (1.3)
for j = 1, 2, . . . Also by using (1.2), they have proved that if A,B ∈ K(H), such
that A is self-adjoint, B ≥ 0 and ±A ≤ B, then
2sj(A) ≤ sj((B + A)⊕ (B −A)) (1.4)
for j = 1, 2, . . .
In this paper, for each normal operator A, we will prove the following inequal-
ity
(1/
√
2)sj(A1 +A2) ≤ sj(A1 + iA2) ≤ sj(|A1|+ |A2|), (1.5)
for j = 1, 2, . . . which is an operator extension of the following elementary and
fundamental inequality
(1/
√
2)|a+ b| ≤ |a+ ib| ≤ |a|+ |b|. (1.6)
There exist two matrices A and B which the matrix inequality of (1.6) is not
true.
As an application of (1.5), we will find the upper and lower bound for A+iA∗ for
an arbitrary operator A ∈ K(H). Also some applications of these inequalities
are obtained.
2. Main results
Here we will give some results for compact normal operators. For every oper-
ator A, the Cartesian decomposition is to write A = A1+iA2, where A1 =
A+A∗
2
and A2 =
A−A∗
2i . If A is normal operator then A1 and A2 commute together
and vice versa.
Theorem 2.1. Let A be a normal operator in K(H). Then we have
(1/
√
2)sj(A1 +A2) ≤ sj(A) ≤ sj(|A1|+ |A2|)
for j = 1, 2, . . . where A = A1 + iA2.
Proof. We know
√
A∗A =
√
(A21 +A
2
2) + i(A1A2 −A2A1), since A is normal we
have
√
A∗A =
√
A21 +A
2
2, so
sj(A) = sj(|A|) = sj(
√
A∗A) = sj(
√
A21 +A
2
2)
for j = 1, 2, . . . By using Weyl’s monotonicity principle [2] and the inequality√
A21 +A
2
2 ≤ |A1|+ |A2|, we have the following
sj(
√
A21 +A
2
2) ≤ sj(|A1|+ |A2|)
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for j = 1, 2, . . . Now for proving left inequality, we recall this famous inequal-
ity 0 ≤ (A1 + A2)∗(A1 + A2) ≤ 2(A21 + A22). Therefore, by using the Weyl’s
monotonicity principle we can write
sj(
√
(A1 +A2)∗(A1 +A2)) ≤
√
2sj(
√
A21 +A
2
2).
for j = 1, 2, . . . So
sj(A1 +A2) = sj(|A1 +A2|) ≤
√
2sj(
√
A21 +A
2
2)
for j = 1, 2, . . .  
Example 2.2. Take A =
[
2− i 2i
2i 2i
]
, by the Cartesian decomposition we
have
A1 =
[
2 0
0 0
]
, A2 =
[ −1 2
2 2
]
A calculation shows, neither
(1/
√
2)|A1 +A2| ≤ |A1 + iA1|
nor
|A1 + iA2| ≤ |A1|+ |A2|
holds.
Example 2.3. Let A =
[
1 + i 1
1 i
]
, then a calculation shows
s2(A1 + iA2) ≈ 1.1756 > s2(|A1|+ |A2|) ≈ 0.9591.
Theorem 2.4. Let A = A1 + iA2 be a normal operator in K(H) such that
−A2 ≤ A1. Then we have
sj(A) ≤ sj(2(A+1 +A+2 )⊕ (A1 +A2))
for j = 1, 2, . . .
Proof. By Theorem 2.1, we can write
sj(A) ≤ sj(2A+1 + 2A+2 + A−1 +A−2 −A+1 −A+2 )
for j = 1, 2, . . . Now imply inequality (1.4), by supposing
B = 2A+1 + 2A
+
2 −A−1 −A−2 +A+1 +A+2
hence the result follows.  
One can easily obtain the following theorem by similar proof.
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Theorem 2.5. Let A be a self-adjoint operator in K(H). Then
sj(A
+) ≤ sj(|A| ⊕ (|A| −A)/2)
for j = 1, 2, . . . and
sj(A
−) ≤ sj(|A| ⊕ (|A|+A)/2)
for j = 1, 2, . . .
As mentioned in Introduction, in the following Theorem we determine the
upper and lower bound for A+ iA∗.
In [8], we proved the following Theorem for an arbitrary matrix.
Theorem 2.6. Let A be a n× n complex matrix. Then√
2s1(A1 +A2) ≤ s1(A+ iA∗) ≤ 2s1(A1 +A2)
where A1 and A2 are the Cartesian decomposition.
Here, we prove above Theorem for compact operator. The proof of the fol-
lowing Theorem is similar to Theorem 2.6, but for readers convenience we don’t
omit the proof.
Theorem 2.7. Let A be in K(H) . Then
√
2sj(A1 +A2) ≤ sj(A+ iA∗) ≤ 2sj(A1 +A2)
for j = 1, 2, . . . and A = A1 + iA2 where A1 and A2 are the Cartesian decompo-
sition.
Proof. Note that T = A + iA∗ is normal operator. On the other hand we can
write T = T1 + iT2 where
T1 = ((A+A
∗) + i(A∗ −A))/2, T2 = ((A −A∗) + i(A∗ +A))/2i
it is enough to compare T1 and T2 to see T1 = T2. So
T1 + T2 = (A+A
∗) + i(A∗ −A). (2.1)
Now apply Theorem 2.1, we have
(1/
√
2)sj(T1 + T2) ≤ sj(T1 + iT2) ≤ sj(|T1|+ |T2|) (2.2)
for j = 1, 2, . . . Substitute (2.1), T1 + iT2 = A+ iA
∗ and T1 in (2.2) we obtain
(1/
√
2)sj((A +A
∗) + i(A∗ −A)) ≤ sj(A+ iA∗)
≤ 2sj((A +A∗)/2 + i(A∗ −A)/2)
= sj((A+A
∗) + i(A∗ −A))
for j = 1, 2, . . . By writing A1 = (A+A
∗)/2 and A2 = (A−A∗)/2i we have
(1/
√
2)sj(2A1 + 2A2) ≤ sj(A+ iA∗) ≤ sj(2A1 + 2A2)
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for j = 1, 2, . . . Finally
√
2sj(A1 +A2) ≤ sj(A+ iA∗) ≤ 2sj(A1 +A2)
for j = 1, 2, . . .  
In [3] Bhatia and Kittaneh have proved for two n × n complex matrices A
and B we have
sj(A
∗B +B∗A) ≤ sj((A∗A+B∗B)⊕ (A∗A+B∗B)), 1 ≤ j ≤ n.
In particular for Hermitian A and B we have the following
sj(AB +BA) ≤ sj((A2 +B2)⊕ (A2 +B2)), 1 ≤ j ≤ n.
Also Hirzallah and Kittaneh have shown in [6] that we have
sj(AB
∗ +BA∗) ≤ sj((A∗A+B∗B)⊕ (A∗A+B∗B)), 1 ≤ j ≤ n.
Here we establish some results for compact operators in B(H).
Theorem 2.8. Let A and B be in K(H). Then
sj(AB +BA) ≤ sj((A∗A+B∗B)⊕ (AA∗ +BB∗))
for j = 1, 2, . . .
Proof. Suppose X =
[
A B
B∗ A∗
]
. So we have,
XX∗ =
[
AA∗ +BB∗ AB +BA
B∗A∗ +A∗B∗ A∗A+B∗B
]
By using inequality (1.3), we obtain
sj(AB +BA) ≤ sj(A∗A+BB∗ ⊕AA∗ +B∗B)
for j = 1, 2, . . .  
Corollary 2.9. Let A and B be two normal operators in K(H). Then
sj(AB +BA) ≤ sj(AA∗ +BB∗ ⊕AA∗ +BB∗)
for j = 1, 2, . . .
In the operator theory, several extensions of the notion of the normality are
known [7]. One of the most important and most widely studied classes among
them is the hyponormality (i.e., TT ∗ ≤ T ∗T )[5]. Recall that a compact hy-
ponormal operator in B(H) is normal [10], so we can restate these result for
compact hyponormal operators.
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